The application of modern statistical methods to the forecasting of rainfallin Lou Angeles is discussed. Forecasts are made by graphical integration of a number of objective meteorological variables and the resiilts presented in terms of the probability of rainfall occurring in each of several amount categories. The accuracy of this technique is discussed and compared with that obtained by current conventional forecasting methods, while the precision of the probability estimates is compared with a subjective evaluation of the probability distribution. Both comparisons show a slight, but statistically nonsignificant bias in favor of the numerical method.
publication of the preliminary results a year later [l] , a project to continue the investigation was established as a cooperative effort of the Weather Bureau and the University of California at Los Angeles. This investigation was continued for a two year period, covering a number of different methods of analysis, types of presentation and forecast periods [ 2 , 31.
The study indicated that, for many indust)rial, agricultural, and railit,ary operations, some advantages are to be obtained from the use of numerical methods in weather forecasting. I n general, these advantages ensue from the increased efficiency provided in preparation of the forecast, as well as from the fa.ct that additional information may be made available by the inclusion of a reliability index for each prediction. Due to space restrictions, the following discussion does not cover the entire investigation, but only describes one of the most promising of the methods, shows how it was derived, indicates the nature and accuracy of the forecast it provides and, finally, gives an example of how the forecast may be used to best advantage. 
METHOD OF DEVELOPMENT
The forecasting method was developed by use of a graphical integration technique suggested by Brier [4] . Briefly, this process involves the selection of a number of independent (or as nearly independent as possible) meteorological variables which are believed to be related t.o the weather element to be forecast during some later period. The general procedure is then to work with the variables in pairs, each set of two variables being plotted on a scatter diagram with the independent variables as coordinates and the values of the dependent variate indicated beside each plotted point. In the case of a discrete two-valued variate, the independent variables are combined into a single derived variable by fitting a probability surface to the data, with the values of the probability isopleths used to express the functional relationship between the coordinate variables and the plotted variate. Where the element to be forecast is continuous, the variables are combined into a single derived variable by constructing isograms which express the values of the plotted varia.te. The derived va.riables resulting from each pair of original variables are again combined in pairs and the process repeated until finally only one remains. This final derived variable is thus a function of all of the original variables and may accordingly be used to give some information about the weather element it is desired to forecast. A more complete description of the process is thought to be unnecessary here, since a fairly detailed discussion is available in Brier's original paper as well as in several recent forecasting studies by other investigators [5, 6 , 71.
The graphical technique has the disadvantage of a certain amount of subjectivity in the original combinatmion of variables, but this is largely outweighed by its relative simplicity as well as the fact t8hat it eliminates the necessity for having prior knowledge of, or making assumptions regarding, the functional relationship between the independent variables and dependent variate, a requirement common to all mathematical regression methods. There is no lack of objectivity in the use of the charts obtained from the graphical analysis.
METEOROLOGICAL VARIABLES
A large number of meteorological variables which mere believed to be of significance in forecasting rainfall were tested, both singly and in various combinations. Here, use was made of the general approach to the problem of quantitative rainfall forecasting outlined by Showalter [8] , as well as a particular application to major storms in the Los Angeles Basin presented in a report issued by the The temperature at 700 mb. at Santa Maria provides a crude measure of the air mass stability, while the wind direction at Sandberg has long been used by experienced forecasters in this region as a rainfall forecasting aid to indicate the approach of a storm from the Pacific (southerly winds) or the final passage of a cold front (northerly winds). Winds at that point are apparently much more sensitive to changes in the pressure field than are those in the free air. While the meteorological relationships brought out by the primary graphical combination of each pair of variables (figs. 1, 2, and 3) may thus be discussed from a .physical standpoint, and thereby the reasonableness of the isograms checked, very little can be said about the secondary combinations (figs. 4 and 5 ) . Here the complexity of the joint relationships, as well as the probable effect of other variables not considered in the integration, defeats any attempt to supply a theoretical or physical justification for the distribution of the isograms. Consequently the construction of these charts must depend almost entirely upon an analysis of the data.
It will be noted that DO measure of air mass moisture has been included in the system, since such moisture variables as were tested produced no significant increase in forecasting skill. This is probably due in part to the fact that dry air may prevail over this area up to within a short time of the beginning of rain. Furthermore, experience here more or less confirms the tentative conclusions of the Committee on Quantitative Rainfall Forecasting [lOJ that as a rule the kinematics of the cyclonic circulation (convergence and vertical motion) are much more important in determining rainfall intensity in this area than are variations in moisture.
Variables which are normally used to measure the velocity and/or deepening and filling of pressure systems, i. e., time derivatives of pressure or temperature, produced no apparent increase in forecosting skill. It should be noted, however, that since a measure of tewo components of the geostrophic wind is given by the pressure differences between San Francisco and Los Angeles, and Los Angeles and Phoenix, the addition of the actual wind at Sandberg provides a partial measure of the atmospheric accelerations which produce deepening and filling.
In general, no variable, or combination of variables was considered to have added information to the system unless its inclusion produced an increase in skill. This does not mean that variables other than those included in the integration are not related to the occurrence of rainfall in Los Angeles, but merely reflects the inability of the graphical analysis and/or analyst to supply the relationship, or indicates that these other variables are to a considerable degree correlated with those already used.
Figures 1 to 5, inclusive, show the result of the graphical integration process using the six variables listed above. The analysis of each chart was carried out by first constructing isograms of rainfall amounts and then adjusting the isogram values to a scale of 0 to 100. This latter device provides a uniform system of coordinates on all succeeding charts, which somewhat simplifies their preparation and final use by the forecaster. At the same time, the basis for the constmction of the isograms, i. e., rainfall amounts, not probability of rainfall occurrence, is preserved.
Using the parameter Yz from figure 5 as the rainfall forecasting criterion, figure 6 percentage frequency of rainfall occurring in each of five amount categories. These categories were selected in order to agree with those used in the official verification of rainfall forecasts (PFR system). From the smoothed curves shown in figure 6, table 1 was prepared. 0 """"" 100 1 .".""" 100 100 4 ""." _.. 100 3 """"" 100 2 ""."".
6-__..___.. 100 5 """"" 100 7 __" " " " ."_" ."". In order to facilitate practical use of the method, mimeographed work sheets containing a schematic diagram of the combination process, as well as other pertinent information, were prepared. Figure 7 illustrates a portion of this work sheet, and figures 8 and 9 are examples of forecasts made using the method. s=-
FORECAST ACCURACY
Tables 2, 3, and 4 are contingency tables showing forecast and observed precipitation arnounh for original data, independent test data, and actua: forecasts made at the Los Ange1.e~ Forecast Ccnter during the same period a,s the test data. Objective forecasts for both original and test data werc mado from computed va,lues of Yz as shown in the table in the work sheet, figure 7.
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where C-number of correct forecasts, T=total number of forecasts, E=number of forecasts expected correct due to chance. The theory aud procedure involved in computation of E may be found in almost any statistical text. The PBR forecast verificat,ions (table 4) are for the same period and, except for code number " 1," which at that time included rainfall of a trace to 0.15 inch, instead of the interval 0.01 to 0.15 inch, the code numbers cover the same categories as the independent forecasts in t'he previous table. However, it should be noted that the PFR forecasts were made for three separate time intervals during the forecast period; i. e., this afternoon, tonight, and tomorrow. I n the above table, the code numbers (0 to 4) for the three time intervals were simply added and verifications were based on these cumulated values. Since it is difficult to say whether or not either of the forecasting methods might have been favored by this procedure, the justification for comparing the independent objective foreca,st and the actual PFR forecast scores is somewhat doubtful.
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COMPARISON O F OBJECTIVE AND ACTUAL FORECASTS
In order to make a more valid comparison of t,he
Relative Probability objective a,nd actual forecasts, as well as to determine, if possible, whether or not conventional forecasting methods are able to add significantly to the accuracy of the objective system, a comprehensive test was arrmged for t.he winter (October-March) of 1949-50. Two forecasts were made each day, by two different forecasters, the first being made at 0700 PST and the second at 0800 PST.
(From
In the fi&t instance, the forecaster had available all information used in the objective system including the computed object,ive forecast and analyzed 0430 PST surface map. The second forecaster had the added advantage of being able to check on the data for the following three-hourIy (0730 PST) surface chart.
Forecasts were made and vcrified for the same rainfall categories, and for the same period as the objective system. Furthermore, in order to minimize the areal variation produced by a single stat,ion minfall measurement, the amounts were verified by using unweighted means of the precipitation recorded at three weather stations in the bos Angoles Basin; i. e., Los Angeles Airport, Los Angeles City Office, and Burbank Airport.
Results of this test are given in tables 5 , 6, and 7 . Altbough the skill shown by the objective forecast is greater t,han for either of the ot,her forecasts, a statistical (Chi-square) lest indicates that, at the 5 percent significa.nce level, the differences in frequency distributions for the three contigency tables may be assumed due to chance variations. This means that there is no significant differonc,e in the accuracy of the three forecasts, Tables 5, 6 , and 7 are due to a few missing data jn the skill scores for those days for which information was available for a11 three Iorecasts resulted in exactly the same scores as those listed. Any attempt to generalize on the above results in the light of their possible effect on current forecasting procedures is beyond the scope of this discussion. Here it is desired only to suggest that, in this case at least, the numerical forecasting technique produced results which were at least as accurate as, and were not improved upon by, conventional methods. At the same time, by presenting the forecast in terms of probabilities, the numerical method provided a measure of the reliability of each prediction.
PROBABILITY DISTRIBUTION
Occasional attempts have been made to provide probability forecasts in the past, notably by
Besson [ll] in France,Cooke [12] in Australia, a.nd Hallenbeck [13] in the United States. Except in the case of Besson's studies, however, all such forecasts were based upon subjective estimates of the probability distribution and were consequently dependent upon the individual forecasters' experience, skill, and certain psychological factors. The numerical forecasts discussed here are not subject to such influences and, at the same time, are apparently quite as accurate as those issued by conventional methods.
It should be noted, however, that the accuracy of the categorical forecasts may not necessarily reflect the precision of the probability estimates. A method for evaluating the latter, suggested recently by G . W. Brier [14] , is described briefly below. If the probability estimates are placed in a contingency table as follows, where the p i j are the forecast probabilities in the ith row and jth column, then the reliability of the forecasts (P) may be defined as,
where Efi is 0 when the forecast event does not occur, and Eij is 1 when the forecast event does occur.
Here the Eij are the actual, or observed, probabilities so essentially what is done in the above formula is to compute the mean of the squares of the differences between the forecast probability distribution and the observed distribution. If the forecast events are mutually exclusive, the reliability score has a range of from zero to two. Since one would like to have the difference as small as possible, a good score is one which is small. A rough check on the consistency of probability forecasts made by several individual forecasters in competition with the objective system was carried on a t Los Angeles for a short period during the past winter. Due to schedule differences, days off, etc., forecasters' probability estimates were not made every day; consequently the comparison has been made between forecasters' scores and objective scores for only those days on which a forecast was made by the former. Results of this comparison are given in table 8. Here the average score for the group is slightly higher (and thus worse) than that for the objective method, while individual scores range from 0.03 lower to 0.06 higher than the objective system. Furthermore, an inspection of the individual forecasts reveals considerable variability between forecasters in the distribution of probability estimates on most days when rain is likely. It would therefore appear that in this case a more reliable estimate of the error frequency distribution for each forecast may be obtained from the objective method.
USE O F PROBABILITY FORECASTS
The usefulness of the reliability measurement provided by the probability foreca,st may be brought out by applying the well-known principle of calculated risk. As is true of statistical techniques in general, this principle requires that the decisions based on the forecasts be applied only to repetitive operations. Furthermore, the user in this case should have available complete information concerning the cost of each operation as well as an estimate of the contingent gain or loss which will result if the forecast events do not occur. Then, in order to keep the cost of the series of operations at a minimum, decisions should be made by balancing the probability of occurrence of the foreoast event against the ratio of the cost to the contingent gain or loss. This means that the usual categorical forecast may not be the most valuable prediction for all recipients since it is aimed a t providing a forecast to suit the "average" user and is quite properly based (either subjectively or objectively) on the probability of occurrence being greater or less than 0.50.
Some uses of probability forecasts have already been discussed briefly by Brier [15] and Price [l6] for certain epecial types of weather problems. However, it may be of interest to provide an example of bow the rainfall forecasts described herein could be used to good advantage. Consider, therefore, a hypothetical Los Angeles construction company which is engaged in making a series of concrete pours during the minter months. The company finds that it will cost about $400 to protect the concrete each time, but that damage of $5,000 will result if rainfall exceeding 0.15 inch occurs within 36 hours of the time of pouring. Accordingly, for the cost of the entire operation to be minimized, the concrete should be protected if the ratio of the cost (C) to the contingent loss (L) is less than the probability (P) of rainfall greater than C.15 inch. Thus, in this case, Consulting table 1, it will be seen that this inequality will be satisfied for any value of Yz exceeding 41. However, if the usual ca.tegorica1 foreca,st were used 8s the basis for this operation, the decision would be based on the probability being greater than 0.50, or, This inequality is satisfied for any value of Yz exceeding 66. Accepting this as a basis for his decision, it is apparent that the contractor would not protect his concrete often enough.
In order to make this point clear, the comparison given below has been made of the cost of carrying on this operation throughout the past winter season (October 1, 1949-March 31, 1950) for several alternative procedures. Here, for the sake of simplicity, it is assumed that the contractor operates every day during the period (182 days). An inspection of these figures reveals that, although the contractor in using the "average" forecast, Case V, would reduce the total cost of the operation below that for an operator using no forecast at all, or using climatological expectancy or persistence, the least total expenditure would result from the use of the probability forecast. This illustrates the advantage of the probability estimate and reveals the inherent danger in any categorical forecast where the user is not provided with, or does not make use of a measure of the reliability of the prediction. In the above example, only the objective probability forecasts have been considered, although probability estimates might also be made by the forecaster from a subjective evaluation of the meteorological situation. For some purposes where adequate numerical techniques are not available, such subjective probability forecasts undoubtedly could be used to good advantage.
CONCLUSION
The gradual increase in the complexity of modern industrial, agricultural, military, and many other operations has resulted, during recent years, in a general desire for more accurate and increasingly specialized weather forecasts. The success with which such requirements can be met is of course dependent largely upon basic progress in the science of meteorology in general. At present, however, many of the physical relationships involved in weather forecasting are obscure, and of those that are understood a large number are mathematically indeterminate. Whether or not statistical techniques may be used to help in the development of a better physical understanding of the weather is beyond the scope of this discussion. It is desired here only to point out the usefulness of such techniques in evaluating the magnitude of the indeterminacy, and to suggest a method for making use of that evaluation in a practical application,
